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Abstract

We study the propagation of acoustic waves in a mixture of two compressible components with micro-inertia. A special
symmetric form of linearized governing equations is found permitting us to establish the stability of plane harmonic waves
in the full region of flow parameters. It is shown that in non-viscous limit the dispersion relation has two real branches. One
branch is defined for all disturbance frequencies, and the other one is defined only for frequencies greater than the resonance
frequency. We prove that the group velocity attains its minimal value which is less than the sound speeds of each component.
It is also shown that the Wood sound speed appears in our model in the limit of low frequencies only if the dissipation is taken
into account. In the dissipation-free limit the equilibrium sound speed is always greater than the Wood speed.
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1. Introduction

The method we used to derive the equations describing multiphase flows is based on well-known in classical mechanics
Hamilton’s principle of stationary action. The main problem of this method is that the explicit form of the Lagrangian as a func-
tion of averaged parameters of the mixture is unknown. For dilute dispersed mixtures different phenomenological Lagrangians
were proposed by Bedford and Drumheller [1,2], Berdichevsky [3], Geurst [4,5], Pauchon and Smereka [6] and others. In
principle, if the continuous phase is incompressible and the flow around bubbles is potential, an approximate expression of
the Lagrangian can be found by applying the kinetic approach to the problem of the motion of a system of bubbles [7-10].
Unfortunately, when both components (dispersed and continuous) are compressible, only the phenomenological approach to
the construction of the Lagrangian can be used. For the turbulence-free case of multiphase mixture of two compressible com-
ponents with micro-inertia effects this Lagrangian was proposed in Gavrilyuk and Saurel [11] and for the turbulence case in
Saurel, Gavrilyuk and Renaud [12]. To derive the governing equations, we applied the technique developed before in Gavrilyuk
and Gouin [13] which does not use the conventional method of Lagrange multiplies. The model obtained is hyperbolic that
permits us to study the sound wave propagation. We give below a brief description of this model.

Eacha-th componentd = 1, 2) has its own averaged characteristics: the local velagjtythe local (true) densitieg, ; the
partial densitie®, = a4 p04; @4 is the volume fraction of the-th componenty, + oo = 1 (if there is no ambiguity, we will
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denotexs by «); the local entropies,, the local internal energies per unit mag$o., n,), and the local temperaturés. The
energies, (pq, nq) verify the Gibbs identity:

1
0a d’?a =deg + Pa d(—)y
Pa
where p, are the pressures. We introduce also the energies related with inertia effects (pulsations of components). The ex-
pression of these energies in terms of the averaged mixture parameters is under discussion [14]. We used the volume fraction
variables for the micro-inertia description. The pulsation energies per unit volume in each phase are taken in the form

M, [ dgag \? d, @
—a e _ 2 .V
2 < dr ) ’ a o TUa Y

whereM, are given functions of flow parameters. Let the index “2” denotes the dispersed phase (“bubbles”). The contribution
of the pulsation energy is important when the compressibility of the dispersed phase is much more higher than that of the
continuous phase. In this case the pulsation energy in the dispersed phase very often can be n&gligildle [n the following

we suppose that

M1 = M(a, p1).

For example, for a bubbly fluid with incompressible liquid phasg=£ const) this energy can be written asrz%lN(%’ti)z,
whereR is the averaged bubble radius, ands the number of bubbles per unit volume. The volume concentration is given by
the formula:ay = o« = %n R3N. Then the functionV can be taken a8/ = m(x) as was done in [11]. If the liquid phase is
slightly compressible, a better approximatiorMs= p1m1(«). Both approximations are almost equivalent.

A simplified turbulence-free dissipative model fff = p1m1 (o) = a1p1m1 (@) is (see [12]):

da .
191 4 div(agp1u1) =0,
o .
82[02 + div(apppup) =0,
dagprly |
— T div(a1p1ur ® Uy +a1p1l) = p2Vag + AUz — Ug),
dagppup .
— T div(ap2U ® Uz + app2l) = poVap — AUz — Uy), (1.1)
9 |u1|2 +e1+ 2 + div u |u1|2 +eq+ w2 +aqu = doy +Auq - (up —uq)
o\t S et 5 a1pui| - tert 5 oU1p1 ) = —p2; 1-(uz —uy),
9 |uz|? : |ug|? _ dap
—|a2o2| —— t+e2) ) Hdiv{azppuz| —— +e2 | +a2uapz ) = —pa—— — Aup - (U2 — Uy),
ot 2 2 ot
dit _ p2—p1—xt dio T

dr a1 014/M1 ’ dr _4/m:|_'

The following remarks can be done:

e The non-dissipative part of system (1.1) (ike= 0, x = 0) corresponds to the Lagrangian [11,12]:

2 2 = 2
_(Iu d
L= E lpa<| ;| —ea(pa, Ua)) + 4'01”121(0[) (—é;x) .
a=

The added mass term was negligible for our applications.

e The last two equations of (1.1) generalize the Rayleigh—Lamb equation (see, for example, Drew and Passman [15]).

e The termi(us — uy) is the Stokes type friction force, is a positive scalar function depending on the local parameters of
the mixture and the relative velocity of components.

e The termy t is a friction force responsible for the pulsation damping, funcfias positive.

o If we neglect the pulsation velocity in the energy equation and microacceleratign/d in the generalized Rayleigh—
Lamb equation, we obtain the Baer—Nunziato equations for non-reacting immiscible mixtures, or the BN model (Baer and
Nunziato [16]) as a particular case of model (1.1) (see also [12]):
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Jo .
121 | div(apaup) =0,
o .
82[102 + div(erpp2u2) =0,
daqo1U .
% +div(agpiug ® Uy +a1p1l) = poVag + AUz — Uy),
dagpoUz .
— T div(agpouz ® Uz + app2l) = poVap — AUz — Uy), (1.2)
d Juy|? : |uz|? dorg
—\o1p1| —— +e1) ) +divl egprur| —— +e1 ) +@rUip1 | = —p2—— +Aug - (U2 — Ug),
ot 2 2 ot
d |up|2 . |uz|? dorg
—| o202\ —— +e2 | | +div| apppup| —— +e2 | +aguzps | = —p2—= — Aug - (Up — Uy),
at 2 2 at
o ( ) 1
g = M2 =Py M_X«/m_l'

Models (1.1) and (1.2) correspond to a particular choice of the interfacial preBsared the interfacial velocity; : Py =

p2 (the interfacial pressure is that of the dispersed phaselareu; (the interfacial velocity is that of the continuous
phase). Formally, other choice of these characteristics compatible with the second law of thermodynamics is possible (see,
for example, Gallouét et al. [17]). The symmetric form of governing equations we present below does not depend on a
particular choice of interfacial variables. Model (1.2) was used for a two-phase modeling of deflagration-to-detonation
transition in granular materials (Bdzil et al. [18], Kapila et al. [19,20]). Glimm et al. [21] studied a Rayleigh—Taylor mixing
layer by using also the BN type two-fluid model. Models (1.1) and (1.2) were used as 1D reduced models in studying
phenomena that is essentially multi-dimensional: shock wave interaction with a big bubble [11,12]. A good agreement
between numerical results by the reduced 1D model and averaged results of the 2D Euler equations has been obtained
Model (1.1) was also tested on the problem of shock wave propagation in bubbly fluids. A very good agreement between
experimental and numerical data has been found. Here we study the propagation of linear waves for system (1.1) and
compare the results obtained with model (1.2). In Section 2 we present a special symmetric form of governing equations
permitting to prove the stability of plane harmonic waves without hard calculations. We analyze in detail in Section 3 the
dissipation-free dispersion relation. In Section 4 the dissipative dispersion relation is studied. In particular, we find the
Wood sound velocity in the low-frequency limit from the dissipative dispersion relation.

2. Symmetrization of linearized equations and stability analysis

We shall study the linear stability of plane harmonic waves. Usually, this routine procedure gives us a polynomial dispersion
relation which cannot be solved analytically. Only the asymptotic analysis of the dispersion relation is possible (small viscosi-
ties, low or high frequencies, etc.) However, we find here an interesting symmetric form of governing equations permitting us
to prove the stability in the full region of flow parameters. We think that this form may be useful for numerical applications.

We consider perturbations of an equilibrium constant state denoted by index “0”:

Pa=Pa0+ €Dy, Ua=Uo+eUy,  pa=po+ep,,
Ua =gt e, T=eT' na=nq0+ e,
Since the governing equations are Galilean invariant, we can always suppasgh@t The linearized equations are:

by
8_12 + p20divu, =0,

Py

3_11 + p1odivu) =0,

= BU/Z / / /

P20~ = + a0V py = Ap(Uy — Uy),

= auél. / / /

P10+ a10V p1 = —Ag(Uuy — Uy), (2.3)
da’ T

B Jmio

/
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B — (pz _
ar  p10y/mi0
/ /
Mo Y _
ot ’ ot
Hereig, m1g and g are equilibrium positive constants. We suppose that the flow is isentropit;’1 iel.n’z are constant (the
equations for entropies are equivalent to the energy equations). In the isentropic case

=/
/ 2f P2 020 ’ 2 £10
P2=02<a——7 > P1=Cl<a = )
20 aj5 10 o

wherec, are the sound velocities. This yields

p1— xot).

_ a2 02 — 241 01
pé__o /+_00/ ,,/1:_20,,/1__0 /
c2 20 1 @10

Replacing these expressions in the mass conservation equations and multiplying thegidy andw1o/ 010, respectively,
we obtain:

2 /
o d . o’
- 202 P2 +a20d|vu/2 + — =0,
p20c5 01 ot
2 ’
as, dp da’
%— +alod|vu1 =0,
p1ocs 01 ar
B 8u
0208— + a0V pp = ho(uy — Up),
B au
/0103— +a10Vp) = —o(uy — Uy),
do’ T
ot Jmio
ot/ 1 0! , B
—_— = — p7— X0T).
ar  proymio Pa—P1™ X0

Replacing the derivativea’ /3t by its algebraic expression and multiplying the equationcfdsy 510, we get finally:

2 /
o a T
202 p2 + appdiv u2 =— ,
p2ocs It NZIT
2 /
aty 9 ) 7/
- 102ﬂ + ajpdivu) = ,
procy 91 Vm1o
ol )
0208— + a0V py = Ao(Uy — U),
au (2.4)

010— + a10Vp] = —AoU] — U5),

_ ot 1 , , ,
P10 = ﬁ)(ﬁz —P1— X0T'),
da’ 7/

ENZ

The first five equations of (2.4) are completely independent and can be rewritten in symmetric form:
A——l—ZB/—_CéU—i-CaU (2.5)
with

= (ph pup Uy, )T, A=AT>0, B =B)T, c¢;=cl<0, c,=-cl.
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Hence, the equations fdJ et o’ are divided into two subsystems: equations fbwhich are symmetrie-hyperbolic and
dissipative Cy < 0), and the equation far’. In dissipation-free case the matii is zero. This symmetric form generalizes

the well-known symmetric form of the gas dynamics equations in variables “velocity-pressure-entropy” (for simplicity, we give
here only the isentropic linearized version):

If the perturbationd) are localized in space, we immediately obtain from (2.5) the stability estimate:
d
3 f uTAUdx = / uTcUdx<o0.

The linearized BN model can be transformed in the same way:

2
oy ap:
/02032 azz +aodivuy = —o(py — py),
2
2 /
afg 9p )
)61332 a_zl +aodivuy = po(py — Py,
1
B BU
ona— + a0V py = Ao(Uy — Uj), (2.6)
8u
0108— + 10V py = —Ag(Uu) — U)),
do r
W = MO(Pz - Pl)-

So, the first four independent equations can also be rewritten in symmetric form and the last equation permits & to find
We are looking for the solution of linearized equations of the form:

U=ud®>= | — (kg ko k)T,
wherek is thewave vector andw is thefrequency. Replacing in (2.5) we obtain:
(A(—ia)) +iY Bk -y - Ca>u —o.
Hence, the dispersion relatien(k) is a solution of the algebraic equation
det(A(—iw)—l—iZBjkj —Cy —ca) —0. 2.7)

For realk we define thephase velocity (which is complex a prioriy, = w/|k|. We will show that3(c,) =0, if Cs =0, and
S(cp) <0, if Cy < 0. It means that the plane harmonic waves are stable.
Indeed, let), =R(cp) +iJ(cp). Then

Cq
BJ — pA JU=0.
(Z n1+||k|+||k| cp )Z/l

Heren; = k;/IK|. Multiplying this expression from the left iy T where “bar” means complex conjugate, we get:

Cq
Bin; +I—+I —c A)M:O.
(Z T T

It is equivalent to

T T 7l
u <ZBjn]+l|k‘>Z/l+| |u Csd —cpU " AU =0.

Since the first term is real, we obtain the following expressiortiat, ):

o luTcu
\S(Cp)_m Zj{TAZ/[ X
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The stability of plane harmonic waves is proved. It is worth to note that other possible proofs of stability are related with
enormous calculations. For example, the direct stability analysis of non-symmetric system (2.3) by using the Routh—Hurwitz
criterion takes about 16 pages [22].

3. Dispersion relation for the dissipation-free case (Cs = 0)

Now we shall study the dispersion relation for model (2.4) in detail. Since the governing equations are invariant under
rotation, it is sufficient to consider the 1D case. We drop the subscript “0” in dispersion relation (2.7):

det(—iwA +ikB —C,) =0
with the matricesA, B, C, defined by

2
% 0 0 0 O

,ozc% 0 0 ap O O
o? 0 0 0 o O
A= p1c2 0 0 O, B=|as 0 0 0 0],
0 0 0 ap 0 0 O
0 0 0 pp O 0 0 0 O
0 0 0 0 p
0 0 0 0 -1/ /m;
0 0 0 0 Y m
Cy= 0 0 00 0
0 0 00 0

1 ~1/Jmg 0 0 0

The dispersion relation has five roots, the firsbis- 0 and four other roots are solutions of the equation

= 2
C C
Mo — (p121 + 2% (2 +c2))w2+c§c§k2(Mk2 + 2 + ) 0.
o Ol Ol
1 2 2

HereM = pim1. Itis more convenient to rewrite this dispersion relation in terms ofriirer se phase velocity c;1 =k/w and
the frequencyo:

1 1 p1/a? + fpp/as 1 p162 /02 + ppc3 a3
- 2<c1+22 %) (1 =1L 2/72) _o, (3.8)
p  Cp Mw c1cs Maw?
We introduce theesonance frequency wg corresponding to the case when one of the ro¢t§ Vanishes:
ci/ag + pacs/a ci /o1 + pacs5/a
w(z) 21 1/ 1+ 02 2/ 2 _ r1 1/ 1T P2 2/ 2 (3.9)
M M
and theequilibrium sound speed ¢, corresponding to the limib — 0
o1+ ag)c?c?
Cg_ (p1/01+ p2/ 2) 1 2. (3.10)
plcl/al + pzcz/otz
We suppose that; > c¢2. Then it follows from (3.10) that
C1 > Ce > (2.
With these definitions, the equation fgr= 1/012, can be rewritten as
2 2
1 1 ,
72 - 22<1+c2 >z+ 22(1 —2):0. (3.11)
cqC @
€12 12

A simple analysis of (3.11) shows that

e There is only one positive rodfs (w) for w < wg, and two positive rootZs(w) > Z1(w) for w > wg, Z1(0) =0;
. l/ce2 < Zo(w) < 1/05 for0<w<o00,0< Z1(w) < l/c% for wp < w < o0;
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1
Cp

Wo

Fig. 1. The dispersion curue;l(a)) has two branches. The first branch is defined only on the inté¢gloo) and is monotonic and concave
function ofw. The second branch is defined on the whole inte@abo). It is monotonic function ofv and has a unique inflection point.

o Z5(0) =1/c2, My 00 Zo(w) = 1/c3, liMys 00 Z1 () = 1/c2;
e Z; (w) are increasing functions aof, i = 1, 2.

The inverse phase velocity as a function of frequency is shown in Fig. 1. A striking similarity between the results obtained and
those by Twiss and Eringen [23] for a binary mixture of isotropic micropolar elastic materials can be observed (see also Bedford
and Drumbheller [2, p. 935]). However, the behavior of gneup velocity is different.
The group velocity is defined by the relation
_ dow
Cg = @
This definition implies

1 dk d [k d (o 1 N d /1
—_— = =)= —| — = - w—\| — ).
cg O dow\w do \ ¢ c do \ ¢
This formula is useful to study the behavior ¢fc} as a function ofv. It can be shown that

e The inverse group velocity corresponding to the first brarigtw), defined on the intervalyg, o0), is decreasing function
of . Furthermore,

. 1 . 1
im — =o0, Iim —=—;
w—>wo+0 Cg O>0cg €1

e The inverse group velocity, corresponding to the second braa¢h), is defined on the intervaD, co) (Fig. 2). Further-
more,

. 1 1 . 1
im —=—, im —=—,
o—0cg  Ce w—>00 cg c2

and there is the frequeney.: 0 < we < wg such that 1c, has a local maximum ad. (so, the group velocity has a minimal
value). The group velocity at this point is less then batlandc,. The last statement is very important because the group
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We Wo

Fig. 2. The inverse group velocity graph is shown for the second branch defined on the whole {@texval At point w. < wq it attains its
maximal value. It corresponds to the group velocity having the value less-freamdc, .

velocity is responsible for the energy translation. So, the energy can propagate with the velocity which is slower then the
sound speeds of each phase.

The dissipation-free model of Baer—Nunziato (2.6) is much more simpler. The dispersion curves are just two straight lines
cp =c1andcp =cp.

We note that for the one-velocity bubbly fluids the dissipation-free dispersion relation has an interval of frequencies where
there is no sonic waves propagating through the medium (“non-transparency” interval) (see, for example, Nigmatulin [24]).
Fig. 1 shows that the dispersion relation obtained for the two-velocity model has no such an interval. There always exists
at least one sonic wave if the disturbance frequency is less then the resonance frequency, and two waves if the disturbance
frequency is higher than the resonance frequency.

What is surprising in the analysis we have done is the fact that the famous Wood sound speed which is considered by all
specialists in the multiphase flow theory as a true low-frequency sound speed, does not appear in this dissipation-free limit. We
recall that this sound speed is given by [25, p. 327]

1 1
(P1+ 52) (@3] (p2c3) + @2/ (51D)  (a1p1 + a2pp) 02/ (p2¢3) + a1/ (p1c2))|

= (3.12)

It can be shown that

c§>c%,.

Since many experiments show that the Wood formula is quite correct (see, for example, the book by Drew and Passman [15]),
it is interesting to understand what is the reason of this discrepancy.
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4. Wood's sound speed

We consider now the dissipative casg ¢ 0). The analysis for the BN-model is simpler and we give it in detail. Since
C,=0and

2
2.0 0 0

pacs 0 0 ap O - M 0 0
2
_ of _ 0 0 m I Y A V) 0
A= 0 Zz O Ol B=ly 0 0 o S=|lo o - x|
0 0 pm O 0 ap 0 O 0 0 A -

0 0 0 &
the dispersion relation for the BN-model is determined by the equation:

02 ik 0
—lw—= + - 1k
pzc% 122 “w 2
. 0(2 .
det — —lwo—Ls +pu 0 ikorq =0.
. pLey .
ikao 0 —lwpy + A —A
0 ikaq —X —iwpr + X

This is a polynomial of the fourth degree with respect to both the frequency and the wave number:
-2 =2 -2 =2
4o - _ _ _ _ [ P1c p2¢ . _ _ p1c p2¢ _
i 5152+ w?’(—)»(pl +p2) — MP1P2<—21 + 22 )) + lw2<—)»u(pl +02) (—21 + —22> - ,01/02k2(65 + C§)>
o [04 o o
1 2 1 2
o oL | P2 - - N AL
+ w(,u,pl,ozkzc%c%(—z + —2> + Akz(plc% + px%)) +1 (plpzkzc%cg <k2 + ﬂ>> =0.
R ) @19
Supposing that andu are finite, we get in the limit — 0, » — 0 the Wood sound velocity:
(L)z 1 2
e =c
K2 (b1t 52 @3/ (ach) + o} (k) Y
Now we consider model (2.4) in the dissipative case. The matrikas the following form:

0 0 O 0 0
0 0 O 0 0
=10 0 —» A 0
00 A -—A 0
__X
0 0 O 0 N
The dispersion relation is:
2
i 22 i 1
Iwﬁzc% 0 ikao 0 N
0 N 0 ika £
det p1cs 1 N2 -0
ikao 0 —iwpy + A —A 0
o1 ik(lxl —A —iwpp+ A 0
N 1 —iwo X
i N 0 0 lwpy + Jm

The developed form of this determinant is a polynomial of fifth degree with respectind forth degree with respect to
Supposing that the relaxation coefficieatand x are finite, we find in the same manner the Wood sound speed as the velocity
of low-frequency waves.

So, for the models we presented here, the Wood sound speed corresponds not to the phase velocity of low-frequency waves
in the dissipation-free model, but to the phase velocity of low-frequency waves in the dissipative model.

5. Conclusion
e \We have studied the stability of plane harmonic waves for a hyperbolic multiphase model describing the motion of two

compressible components with micro-inertia. The linearized model has been rewritten in a special symmetric form permit-
ting us to prove the linear stability without hard calculations.
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¢ It has been shown that in the dissipation-free limit two sound waves exist if the disturbance frequency is greater than the
resonance frequency, and only one, if the disturbance frequency is less than the resonance frequency. The group velocity
attains its minimum which is less than the sound speeds in each phase. This fact is very important because the energy of
sonic waves propagates with the group velocity.

e It has been shown that the Wood sound speed corresponds to the low-frequency limit in the dissipative model.
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